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Fig. 4 Discharge coefficient—comparison of theory [Eq.
(13)] and experimental data from Ref. 2.

of velocity slip on the discharge coefficient is significant at
throat Reynolds numbers less than about 103. The effect
of curvature becomes important at Reynolds numbers on the
order of 2 X 102.

Equation (13) is intended to be used for predicting dis-
charge coefficients for supersonic nozzles for 0 < (re/rt) <
20 and 50 < Re < 105. At throat Reynolds numbers greater
than 105, the boundary layer at the throat is turbulent so
that the laminar theory presented in this paper is no longer
applicable. At throat Reynolds numbers less than 50, the
boundary layer may fill the entire throat. For the velocity
and density profiles used in this study, this occurs at CD ^
0.4 (when u8 = 0), When the boundary layer fills the entire
throat, the flow may not necessarily choke (e.g., Fig. 1, Ref.
2) and the discharge coefficient may be strongly dependent
on the back pressure. Thus, for these extremely low Reyn-
olds numbers Eq. (13) is no longer applicable.
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Sharp Slender Cones in
Near-Free-Molecule Hypersonic Flow

M. I. KUSSOY,* D. A. STEWART,f

AND C. C. HORSTMANj
Antes Research Center, NASA, Moffett Field, Calif.

IN the near-free-molecule-flow regime, only limited data
drag for slender cones are currently available.1'2 This

Note presents additional drag measurements in this flow re-
gime, obtained in air as well as helium. These results,
which extend the data of Refs. 1 and 2 to higher Knudsen
numbers, were obtained for cones with half angles from
2.5° to 10° at Mach numbers of 24 and 27 for air and 35
for helium. The Knudsen number based on cone diameter
(Xro/Z)) varied from 0.01 to 5.

The data were obtained in the Ames 42-Inch Shock Tunnel.
The general operation and calibration procedures of this
facility using a combustion driver are described elsewhere.3'4
For completeness, a short discussion of how the freestream
properties were determined for these tests will be given. The
stream properties for the air tests were obtained from static
and impact pressure measurements by a method4 that as-
sumes the air to be in equilibrium from the reservoir to an
arbitrary point in the nozzle where chemical reactions and
molecular vibrations are thereafter frozen.5 At the present
test conditions (Mm. = 24 and 27), static pressure measure-
ments in the test section are unreliable because of the large
corrections necessary to account for low-density effects.
Therefore, the freeze Mach number for each test condition
was determined using static and impact pressure measure-
ments taken upstream in the conical nozzle where corrections
for low-density effects on the static pressure probe were less
than 10%. The freestream properties in the test section
were then obtained using the upstream freeze Mach number,
an impact pressure measurement in the test section, and a
one-dimensional nozzle expansion computer program. To
insure that the impact pressure measurement at the test
station was free from rarefaction effects, probes of several
diam. (0.5 to 4 cm) were used. The measured results indi-
cated that these effects were negligible for probe diameters
greater than 1.5 cm. The accuracy of the measured run-to-
run variation of normalized dynamic pressure was ±5%;
other stream properties as derived from computations of an
expanding frozen flow of known active energy are estimated
to be within ±10%.

With helium as a test gas the freestream properties were
readily defined, because at the low reservoir enthalpy (2.4
KJ/gm), helium acts as a perfect gas in equilibrium. There-
fore, measurements of the freestream impact pressure,
reservoir total pressure, and total enthalpy completely
specified the freestream properties. The accuracy of these
properties, including run-to-run variation of normalized
dynamic pressure, was within ±5%.
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shock tunnel

Po, Enthalpy,
7 Ma atms Re^/cm KJ/gM TW/T0 \m, cm

1.4 27.2 285 221 9.2 0.035 0.183
1.4 24.5 285 236 9.2 0.035 0.155
1.67 34.6 8.6 5354 2.4 0.68 0.011

data. For reference, the free molecule limits assuming diffuse
reflection and unit thermal accommodation are also shown.

0 Predictions by the Monte Carlo simulation method6'7 are
XB/O

2.5° 5° 10° 7 Mm Reeo/cm XvtCm TW /T0

* * 4 1.4 27.2 221 0.183 0.035

• • * 1.4 24.5 236 0.155 0.035

o o o 1.4 15-25 273-1034 0.023-0.155 0.035(refl)

1.67 34.6 5354 0.011 0.68

7=1.4, Mflo = 22-24, TW/T0 =0.11-0.13(ref 2)

————— MONTE CARLO CALCULATIONS (ref 6)
9C =3° TO 10°, Ma* 24, TW/T0 = 0.01 - 0.13

- - - - MONTE CARLO CALCULATIONS (ref 7)
Bc =5°, Mtt>=24, TW/T0= 0.72

Fig. 1 Variation of cone-drag coefficient with Knudsen
number.

The nominal test conditions are given in Table 1. For
all tests, the model wall temperatures were 294°K. The
freestream mean free path was determined from the hard
sphere collision model (i.e., Ao> = 1.26 (7)1/Wco/Re00).

For these tests, a free-flight test technique and data reduc-
tion scheme were used that was similar to that described in
Ref. 1, except for the launch procedure, which employed a
retractable table like the one described in Ref. 2. The drag
force data were normalized by the tunnel dynamic pressure,
the latter obtained directly from the Pitot pressure measure-
ment discussed previously. The accuracy of the measured
data was calculated to be ±10%.

The present drag results in air and helium are shown in Fig.
1 for Bc from 2.5° to 10°, along with previously published1'2

presented and will be discussed later. In air, as X^/D in-
creased, significant differences in drag were measured be-
tween the 2.5° cone and higher angle cones. At high \m/D
(Xco/D > 2) the drag of the 2.5° cone is significantly above
the free molecular drag (Fig. la). At low Mach numbers,
Sims8 experimentally obtained CD on slender cones somewhat
above the free molecule value. However, to the authors'
knowledge, this is the first time this "overshoot" has been
experimentally observed for cones in hypersonic flow. At
(Xoo/D) > 1, the 10° cone drag data approach the free molecu-
lar limit, while the 5° data (on the average) fall about 10%
above this limit. Over the range of Xro/D where both air
and helium data were obtained, there is agreement, within
the experimental accuracy, between the hot-wall helium and
cold-wall air results. Earlier drag data1'2 agree with the
present results.

Available Monte Carlo calculations6'7 for hard sphere
molecules are shown in Fig. 1. When plotted in the present
form, CD vs Xco/Z), all computed points for 0C = 3°,6°,8°,
and 10° fall within the indicated scatter bar. These calcu-
lations agree well with both the air and helium data for \m/D
< 10"1. For Bc = 5°, where both hot-wall and cold-wall6

calculations are available, the hot wall helium data indicate
better agreement with the cold-wall calculations. At Xco/D
> 10--1, the calculations underpredict the air data. At
high Xco/D the difference between theory and experiment may
be due to differences in the diatomic molecular collision pro-
cess and the hard sphere model used by theory or the surface
reflection and energy accommodation laws. (The calcula-
tions assume diffuse reflection and complete energy ac-
commodation.) However, at hypersonic speeds over cold-
wall test models, the hard sphere assumption should be valid
for air over the first few local mean free paths of the cone,
which for the present test conditions would include the entire
cone length. Thus, the difference between theory and ex-
periment is perhaps due to the surface interaction laws.
This may explain the agreement between the calculations
and the data at low Knudsen numbers, since surface inter-
action laws probably diminish in importance at the lower
Knudsen numbers. Although many surface interaction
laws have been proposed (e.g., Ref. 9), there are at present
no Monte Carlo calculations for cones that use other than
the diffuse reflection and complete energy accommodation
laws mentioned previously. Evidently, a valid test of this
simulation technique remains dependent on the surface
interaction laws and perhaps the diatomic molecular collision
interactions that currently are unresolved.
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Stability Test for a Related Routh-
Hurwitz Problem

BERTRAND T. FANG*
The Catholic University of America, Washington, D. C.

Introduction

THE necessary and sufficient conditions for the asymptotic
stability of a system described by a set of linear ordinary

differential equations with constant coefficients are given by
the well-known Routh-Hurwitz criterion or by the existence
of a quadratic Lyapunov function. Corresponding condi-
tions for the stability (i.e., none of the characteristic roots
have positive real parts, some may be distinct pure imagi-
naries) are sometimes of interest. It is true for practical
systems that asymptotic stability is a much more important
requirement than is stability. But the latter concept often
arises in the idealized modeling of physical systems, for in-
stance, in the rotation of a torque-free rigid body, and in the
classical theory of the libration of the moon.

Necessary and sufficient conditions for stability may be ob-
tained by an extension of the method used in the derivation
of the Routh-Hurwitz criterion. Certain theorems in this
connection are given in Lehnigk,1 although the method is not
well-documented. The purpose of the present article is to
outline a step-by-step stability test procedure, utilizing sim-
plifications provided by some recent results.

Consider a dynamic system with the following real charac-
teristic equation

f(x) = xn + a,x*~l + a2xn~2 + . . . + an = 0 (1)
If an = 0, Eq. (1) has at least a zero root, and can be reduced
to a lower order system immediately. Therefore, assume an
= 0 for convenience. Also define as special roots of Eq. (1)
any roots x = ±#*.

It is useful to decompose f(x) in the following two ways:

1) /(#) = h(x*) + xg(xz)
fl\X ) — G/n ~T~ dn—%X |" . . . \^)

2) f(x) = p(x) q(x) -

where p(x) is a polynomial without any special roots and q(x)
= s(x2) is a polynomial with special roots only. If f(x) has
any pure imaginary roots, q(x) will not be an identical con-
stant. The decomposition Eq. (3) is the crux of the problem.

Once this is accomplished, it follows the system; Eq. (1) is
stable if and only if all roots of p(x) have negative real parts
and all roots of q(x) are distinct pure imaginaries, or equiva-
lently, s(y) has only distinct negative roots. With these as
preliminaries, a step-by-step stability test procedure is out-
lined in the following section.

A Step-by-Step Stability Test
1) If f(x) has only special roots, i.e., if it takes on the form

s(xz), go to step 5 below.
2) If f(x) is not of the form s(x2), then if any of the coeffi-

cients ai (i = 1,2,.. .n) is negative or zero, the system is un-
stable, no need to proceed further.

3) Define, as usual, Hurwitz determinants Ai,A2,. . . An-i
as the successive principal minors of the following (n X n)
Hurwitz matrix:

o>i 0,3 0,5 0
1 0,2 0,4 0
0 di #3 0
0 1 a2 - 0

0 0 0 - an-i 0
0 0 0 - an_2 an

If n is even, evaluate the Hurwitz determinants As, As, . . .
An-i. If n is odd, evaluate the Hurwitz determinants A2,
A4, . . . An-i. a) If any one of these Hurwitz determinants is
negative, the system is unstable, no need to proceed further,
b) If all Hurwitz determinants are positive, the system is
asymptotically stable, no need to proceed further.

4) If the Hurwitz determinants satisfy the following con-
dition,

An-l = An_3 = . . . = An-2r+l = 0, An-2r-l * 0 (4)

the system can still possible be stable, but not asymptotically
stable. Now p(x) must be a polynomial of degree n — 2r,
and the Hurwitz determinants of p(x) are identical to An-m,
m = 2r, 2r -\- 1, . . . . It follows: a) if in addition to the
conditions of Eq. (4), A»_2*-i = 0 for some t > r, then
p(x) has some root with a positive real part and the system is
unstable, no need to proceed further, b) If in addition to
conditions (4), A«-2<-i > 0 for all t > r, then s(y = #2)
= yr + b\yr~l + b2yr~2 . . . + br is obtainable as follows. Re-
place the last element of the last row of the Hurwitz de-
terminant An_2r-i by g(y), the element above this by
h(y) the next element above by yg(y), the next element above
by yzg(y), etc. The resulting determinant is equal to s(y),
multiplied by a constant.

a) If any of the coefficients bi (I = 1,2.. .r) is negative
or zero, q(x) has some root with positive real part, the system
is unstable, no need to proceed further, b) Form the poly-
nomial

ry2r-l _|_ 5 r̂ _ l)^2r-3 _j_ fr^T — 2)i/2r~5 + . . . + &r-l2/

together with its associated (2r + 2r) Hurwitz matrix

- - 2 )r b,(r - 1)
1 61
0 r
0 1

0 0
0

r - 1)
61

0
0

0
0
0
0

br-l 0
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and evaluate the corresponding Hurwitz determinants. If
all the Hurwitz determinants A3 = bi2(r — 1) — 262r, As, A?,
. . . A2r-i are positive q(x) has only distinct pure imaginary


